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BLOCK BASIS FOR COINVARIANTS OF MODULAR PSEUDO-REFLECTION
GROUPS
KE OU
Abstract. As a sequel of [10], in this shot note, we investigate block basis for coinvariants of finite
modular pseudo-reflection groups.We are particularly interested in the case where G is a subgroup
of the parabolic subgroups of GLn(q) which generalizes the Weyl groups of restricted Cartan type
Lie algebra.
1. Introduction
Let p be a fixed prime and Fq be the finite field with q = p
r for some r ≥ 1. The finite general
linear group GLn(q) acts naturally on the symmetric algebra P := S
•(V ) where V = Fnq is the
natural GLn(q) -module. If G is any subgroup of GLn(q), then we denote by P
G the ring of G-
invariant polynomials. The ring of coinvariants, which we denote by PG, is the quotient of P by
the ideal generated by the homogeneous elements in PG with positive degree.
A block basis for PG (see 2.3 for definition) is a nice basis consisting of the monomial factors of
a single monomial. Such basis simplify computations in many ways. Generally, the combinatorics
involved in writing a polynomial or the products of elements in the block basis in terms of such a
basis is less complicated since we are dealing with monomials. As an application, the authors of [1]
use the block basis to determine the image of the transfer over some specific group G.
The GLn(q) invariants in P are determined by Dickson [2]. The block basis for PGLn(q) is
investigated by Steinberg [11] and Campell-Hughes-Shank-Wehlau [1]. For a composition I =
(n1, · · · , nl) of n, let GLI be the parabolic subgroup associated to I. Generalizing [2], Kuhn and
Mitchell [7] showed that the algebra PGLI is a polynomial algebra in n explicit generators.
Let GI and UI be a subgroup of GLI with forms
(1.1) GI =


G1 ∗ · · · ∗
0 G2 · · · ∗
...
...
...
...
0 0 · · · Gl

 and UI =


In1 ∗ · · · ∗
0 In2 · · · ∗
...
...
...
...
0 0 · · · Inl

 respectively,
such that Gi < GLni(q) for all i where Ij is the identity matrix of GLj(q).
Note that GI is a generalization of GLI as well as the Weyl groups of Cartan type Lie algebras.
Precisely, GI = GLI if Gi = GLni(q) for all i. And GI is a Weyl group of Cartan type Lie algebras if
l = 2, q = p, G1 = GLn1(q), G2 = Sn2 or G(2, 1, n2) (cf. [5]). From the viewpoint of representation
theory, the coinvariants of Weyl group of Lie algebra g are providing very interesting yet limited
answers to the problem of understanding g modules. For example, Jantzen describes the basic
algebra of block with regular weight by using coinvariants of Weyl group in [4, Proposition 10.12].
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Meanwhile, GI is a modular finite pseudo-reflection group if l ≥ 2 and all Gi are pseudo-reflection
groups since p | |UI | (subsection 2.2). The invariants and coinvariants for a modular pseudo-
reflection group can be quite complicate (see [9] for example). Our investigation generalizes the
results for modular coinvariants by Steinberg [11] and Campell-Hughes-Shank-Wehlau [1].
In [10], we study PUI and PGI which are in turns out to be polynomial algebras. In this short
note, we are interested in the block basis for the coinvariants PUI (Theorem 5.2) and PGI (Theorem
6.3). As an application, the block basis for PGI are described precisely when Gi is GLni(q) and
G(m,a, ni) in Theorem 4.6, Proposition 6.4 and Proposition 6.6. Our approach is in turn built on
[1] where the authors describe sufficient conditions for the existence of a block basis for PG.
The paper is organized as follows. In Section 2 and 3, we review some needed results from
[1, 2, 3, 6, 7, 8, 10]. Section 4 deals with the block basis for coinvariants of G(m,a, n). A block
basis for PUI are given in Section 5 and section 6 describes the block basis for PGI .
2. Preliminary
2.1. Set m0 = 0 and mk =
∑k
i=1 ni, k = 1, · · · , l. For each 1 ≤ s ≤ n, define
τ(s) = mj if mj < s ≤ mj+1.
Recall the definition of GI and UI in 1.1. Then GI = LI ⋉ UI , where
LI =


G1 0 · · · 0
0 G2 · · · 0
...
...
...
...
0 0 · · · Gl

 ,
Suppose V = 〈x1, · · · , xn〉Fq , the symmetric algebra S
•(V ) will be identified with Fq[x1, · · · , xn].
Namely, P = Fq[x1, · · · , xn].
2.2. Pseudo-reflection groups. In this subsection, we will recall some basic facts for pseudo-
reflection groups. More details refer to [6].
For a finite dimensional vector space W over Fq, a pseudo-reflection is a linear isomorphism
s : W → W that is not the identity map, but leaves a hyperplane H ⊆ W pointwise invariant.
G ⊆ GL(W ) is a pseudo-reflection group if G is generated by its pseudo-reflections. We call G is
non-modular if p 6 ||G| while G is modular otherwise.
Lemma 2.1. [10, Lemma 2.1] GI is a finite pseudo-reflection group if all Gi are finite pseudo-
reflection groups.
Remark 2.2. As a corollary, the Weyl groups of restricted Cartan type Lie algebras with type W, S
and H are modular pseudo-reflection groups ([5]).
2.3. block basis. In this subsection, we will list some results of block basis for coinvariants. More
details refer to [1].
A homogeneous system of parameters for P is any collection of homogeneous elements e1, · · · , en
with the property that they generate a polynomial subalgebra A = K[f1, · · · , fn] over which P is a
free A-module. Moreover, a basis for P as a free module over A is any set of elements of P that
projects to a K-basis for P/I where I = (A+) is the ideal generated by {f1, · · · , fn}. Denote di the
degree of fi for i = 1, · · · , n.
Definition 2.3. [1, Definition 1.1] Let f ∈ P be a monomial. We say f generates a block basis for
P over A (or for P/I) if the set of all monomial factors of f is a basis of vector space P/I. Such a
basis consisting of all the monomial factors of a single monomial is called a block basis.
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In [1], the authors provide sufficient conditions for the existence of a block basis for P/I. Note
that the symmetric group Sn acts on P by permuting the variables. Let Σ(A) be the subgroup of
Sn fixing A pointwise. Denote a ≡ b if a− b ∈ I .
Definition 2.4. [1, Definition 4.1] We will say that w = xm11 · · · x
mn
n is a critical monomial associated
to α = xt11 · · · x
tn
n , if:
(1) for every g ∈ Σ(A), there is an i such that mi > tg(i);
(2) no proper factor of w satisfies the first condition.
Suppose Σ(A) = Sn and the ti form a decreasing sequence. In this case, the critical monomials
associated to α are (x1 · · · xi)
ti+1.
Lemma 2.5. [1, Theorem 4.1] Suppose α = xt11 · · · x
tn
n generates a block basis. Then the sequence ti
is a permutation of the sequence di−1 and the degree of α is
∑n
i=1 di−n. Furthermore, if g ∈ Σ(A),
then g(α) also generates a block basis.
Lemma 2.6. [1, Theorem 4.4] Suppose α = xt11 · · · x
tn
n has trivial critical monomials and the se-
quence ti is a permutation of di − 1. Then α generates a block basis for P/I.
3. invariants of P
In this section, we will first recall the works by Dickson [2] and Kuhn-Mitchell [7] on invariants
in P. And then tcretirierhe GI invariants in P will be investigated.
3.1. The invariants of Dickson and Kuhn-Mitchell. For 1 ≤ k ≤ n, define homogeneous
polynomials Vk, Ln, Qn,k as follows:
Vk =
∏
λ1,··· ,λk−1∈Fq
(λ1x1 + · · ·λk−1xk−1 + xk),
Lk =
k∏
i=1
Vi =
k∏
i=1
∏
λ1,··· ,λi−1∈Fq
(λ1x1 + · · ·λi−1xi−1 + xi),
Fn(X) =
∏
λ1,··· ,λi−1∈Fq
(X + λ1x1 + · · ·λnxn) = X
qn +
n−1∑
k=0
Qn,kX
qk .
According to [2], the algebra of invariants over GLn(q) in P are polynomial algebras. Moreover,
(3.1) PGLn(q) = Fq[Qn,0, · · · , Qn,n−1].
For 1 ≤ i ≤ l, 1 ≤ j ≤ ni, define
(3.2) vi,j = Fmi−1(xmi−1+j),
(3.3) qi,j = Qni,j(vi,1, · · · , vi,ni).
Then deg(vi,j) = q
mi−1 and deg(qi,j) = q
mi − qmi−j.
By the proof of [8, Lemma 1],
(3.4) PUI = Fq[x1, · · · , xn1 , v2,1, · · · , v2,n2 , · · · , vl,1, · · · , vl,nl ].
Moreover, by [7, Theorem 2.2] and [3, Theorem 1.4],
(3.5) PGLI = Fq[qi,j | 1 ≤ i ≤ l, 1 ≤ j ≤ ni],
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3.2. The invariants of GI .
Lemma 3.1. [10, Proposition 3.2] For 1 ≤ i ≤ l, assume that Fq[x1, · · · , xni ]
Gi = Fq[ei,1, · · · , ei,ni ]
is a polynomial algebra. For 1 ≤ j ≤ ni, define ui,j = ei,j(vi,1, · · · , vi,ni). The subalgebra P
GI of
GI-invariants in P is a polynomial ring on the generators ui,j with 1 ≤ i ≤ l, 1 ≤ j ≤ ni. Namely,
PG = Fq[ui,j | 1 ≤ i ≤ l, 1 ≤ j ≤ ni].
4. block basis for the coinvariants of G(m,a, n)
Recall that G(m,a, n) ≃ Sn ⋉A(m,a, n), which is called imprimitive reflection group, where
A(m,a, n) = {diag(w1, · · · , wn) | w
m
j = (w1 · · ·wn)
m/a = 1}.
Denote G = G(m,a, n), it is well-known that PG = K[e1, · · · , en], where
ei =
{∑
1≤j1<···<ji≤n
xmj1 · · · x
m
ji
i 6= n
(x1 · · · xn)
m/a i = n
.
Recall that I is the ideal of P generated by e1, · · · , en, and di := deg(ei) =
{
mi i 6= n
mn/a i = n
. Clearly
Σ(PG) = Sn.
4.1. a = 1 case. In this case, let α = xm−11 x
2m−1
2 · · · x
mn−1
n . The critical monomials associated to
α are (xn · · · xi)
mi. For each 1 ≤ i ≤ n and 0 ≤ k ≤ i, let ek,i =
∑
1≤j1<···<jk≤i
xmj1 · · · x
m
jk
if k 6= 0
and e0,i = 0. Then ek,n = ek for all k = 1, · · · , n.
Lemma 4.1. For all 1 ≤ i ≤ n and 1 ≤ r ≤ n+ 1− i, one have
(xn · · · xn+1−i)
mren+1−i−r,n−i ∈ I.
Proof. The proof is by induction on i.
(1) When i = 1, one need to verify that xmrn en−r,n−1 ∈ I. We will use induction on r to prove
it.
(a) When r = 1, xmn en−1,n−1 = en,n ∈ I.
(b) Suppose r > 1. Note that
(4.1) ek,i = ek,i−1 + x
m
i ek−1.i−1.
Therefore, xmrn en−r,n−1+x
m(r−1)
n en−r+1,n−1 = x
m(r−1)
n en−r+1 ∈ I. By induction assump-
tion on r, x
m(r−1)
n en−r+1,n−1 ∈ I. Thus x
mr
n en−r,n−1 ∈ I.
(2) Suppose i > 1. Again we will use induction on r to prove (xn · · · xn+1−i)
mren+1−i−r,n−i ∈ I.
(a) When r = 1, (xn · · · xn+1−i)
men−i,n−i = en,n ∈ I.
(b) Suppose r > 1. By 4.1
(xn · · · xn+1−i)
mren+1−i−r,n−i + (xn · · · xn+2−i)
mrx
m(r−1)
n+1−i en+2−i−r,n−i
= (xn · · · xn+2−i)
mrx
m(r−1)
n+1−i en+2−i−r,n−i+1.
Using the primary induction hypothesis, (xn · · · xn+2−i)
mrx
m(r−1)
n+1−i en+2−i−r,n−i+1 ∈ I. Us-
ing the secondary induction hypothesis, (xn · · · xn+2−i)
mrx
m(r−1)
n+1−i en+2−i−r,n−i ∈ I. Thus,
(xn · · · xn+1−i)
mren+1−i−r,n−i ∈ I.

Set r = n+ 1− i, one have (xn · · · xr)
mre0,n−i = (xn · · · xr)
mr ∈ I.
Corollary 4.2. The critical monomial (xn · · · xr)
mr, r = 1, · · · , n, are trivial.
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By Lemma 2.6, one have
Corollary 4.3. The monomial α = xm−11 x
2m−1
2 · · · x
mn−1
n generates a block basis for the coinvari-
ants of G(m, 1, n).
By Lemma 2.5, it’s convenient to deal with the block basis given by xmn−11 x
m(n−1)−1
2 · · · x
m−1
n to
describe the product in PG. In fact, we need to write x
mr
n+1−r in terms of our block basis.
Let sk,i =
∑
j1+···+ji=k
xmj1j1 · · · x
mji
ji
. Observe that sk,i = x
m
i sk−1,i + sk,i−1. The proof of [1,
Theorem 8.4] still works. Namely, if k + i ≥ n+ 1, sk,n+1−i ∈ I. As Corollary, one have
Proposition 4.4. Keep notations as above,
xmrn+1−r ≡ −
∑
j1+···+jn=r
jn 6=r
xmj1j1 · · · x
mjn+1−r
jn+1−r
.
Note that the summands on the right hand side form a block basis of PG. This proposition
provides a recursive algorithm for computing products in PG.
4.2. a 6= 1 case. Suppose a 6= 1 now. By Lemma 2.5, all candidates of block generators for
coinvariants of G(m,a, n) are ασ = x
m−1
σ(1) x
2m−1
σ(2) · · · x
mn/a−1
σ(n) for σ ∈ Sn.
Lemma 4.5. Keep notations as above. ασ ∈ I. In particular, there is no block basis for the
coinvariants of G(m,a, n).
Proof. Note that mn/a− 1 ≥ m/a unless n = 1 which we omit. Since a 6= 1 by hypothesis, hence
(m− 1)(a − 1) ≥ 1 and m− 1 ≥ m/a. Therefore, there exist fn ∈ P such that
ασ = (x1 · · · xn)
m/afn = enfn ∈ I.

4.3. general case. Combining Corollary 4.3, Proposition 4.4 and Lemma 4.5, we have one of our
main result.
Theorem 4.6. The coinvariants of G(m,a, n) has block basis if and only if a = 1. Moreover, if
a = 1, the monomial xmn−11 x
m(n−1)−1
2 · · · x
m−1
n generates a block basis with products
xmrn+1−r = −
∑
j1+···+jn=r
jn 6=r
xmj1j1 · · · x
mjn+1−r
jn+1−r
.
5. block basis for PUI
Denote Hn = Fq[x1, · · · , xn]
UI . In this section, we will prove that there is a block basis for
PUI := P/(Hn,+).
5.1. It will be useful introduce an algebra homomorphism θ : Fq[x1, · · · , xn] → Fq[x1, · · · , xml−1 ]
by θ(xi) = xi for 1 ≤ i ≤ ml−1 and θ(xi) = 0 otherwise. Then ker(θ) is the ideal generated by
xml−1+1, · · · , xn.
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5.2. Let Ψn = {x
i1
1 · · · , x
in
n | ∀k, 0 ≤ ik < τ(k)}. We will prove that Ψn is a basis for P over P
UI .
Namely,
(5.1) fI :=
n∏
i=1
xq
τ(i)−1
i = x
qm1−1
m1+1
· · · xq
m1−1
m2 x
qm2−1
m2+1
· · · xq
ml−1−1
ml
generates a block basis for PUI .
Lemma 5.1. If α ∈ Ψn, then xml−1+jα is in the P
UI -module spanned by Ψn for all j = 1, · · · , nl.
Proof. Suppose α = xi11 · · · , x
in
n ∈ Ψn. Without loss of generality, one can assume j = nl, and hence
ml−1 + j = n.
If in < q
ml−1 − 1, then xnα ∈ Ψn and Lemma holds. Now, if in = q
ml−1 − 1, then xnα =
xi11 · · · x
in−1
n−1 x
qml−1
n . By 3.2,
vl,nl = Fml−1(xn) = x
qml−1
n +
ml−1∑
i=1
Qml−1,ix
qml−1−i
n .
Therefore,
xq
ml−1
n = vl,nl −
ml−1∑
i=1
Qml−1,ix
qml−1−i
n ,
and
xnα = vl,nlx
i1
1 · · · x
in−1
n−1 −
ml−1∑
i=1
Qml−1,ix
i1
1 · · · x
in−1
n−1 x
qml−1−i
n .
Since Qml−1,i ∈ P
GI ⊆ PUI and vl,nl ∈ P
UI . Lemma holds. 
Theorem 5.2. Ψn is a basis for P over P
UI . Namely, fI generates a block basis for PUI .
Proof. Since the cardinality of Ψn equals the dimension of PUI , it is sufficient to prove that Ψn is
a spanning set. We use induction on n.
For n = 1, the result is trivial.
For n > 1, we use induction on the degree. The result is clear for polynomials of degree zero.
Now, suppose f ∈ P with deg(f) > 0. By the primary induction hypothesis
θ(f) =
∑
β∈Ψml−1
cββ
for some cβ ∈ Hml−1 . The kernel of θ is the ideal generated by xml−1+1, · · · , xn and therefore
f = θ(f)+ xml−1+jf
′ for some ml−1 < j ≤ n and f
′ ∈ P. Since deg(f ′) < deg(f), by the secondary
induction hypothesis,
f = θ(f) + xml−1+jf
′ =
∑
β∈Ψml−1
cββ +
∑
γ∈Ψn
dγxml−1+jγ.
By Lemma 5.1, xml−1+jγ is in the span of Ψn. Note that Ψml−1 ⊆ Ψn and Hml−1 ⊆ Hn. Therefore,
f is in the Hn span of Ψn. 
5.3. products of block basis.
Lemma 5.3. For each 0 ≤ i ≤ l − 1, 1 ≤ j ≤ ni, x
qmi
mi+j
≡ 0 in PUI .
Proof. By 3.2, vi+1,j = Fmi(xmi+j) = x
qmi
mi+j
+
∑mi
k=1Qmi,kx
qmi−k
mi+j
. All vi+1,j and Qmi,k lie in I.
Hence lemma holds. 
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Corollary 5.4. PUI ≃
⊗n
i=1K[xi]/(x
qτ(i)
i ).
Remark 5.5. Note that the hypothesis of Lemma 2.6 are satisfied by monomial fI . This gives another
proof of the existence of a block basis for PUI . In fact, Σ(Hn) = {1}. And the critical monomials
associated to fI are x
qτ(j)
j . By 5.3, x
qτ(j)
j ≡ 0. Moreover, by [1, Theorem 4.7], one get Corollary 5.4.
6. Block basis for PGI
6.1. For 1 ≤ k ≤ l, denote G˜k =


G1 ∗ · · · ∗
0 G2 · · · ∗
...
...
...
...
0 0 · · · Gk

 , Qk = Fq[x1, · · · , xmk ], Ik =
(
QG˜kk,+
)
and
Pk = Fq[xmk−1+1, · · · , xmk−1+nk ].
For each 1 ≤ i ≤ l, suppose xαi1mi−1+1 · · · x
αi,ni
mi generates a block basis for Pi over P
Gi
i .
Lemma 6.1. Keep notations as above. P is a free PGI module with a basis consisting of

n∏
k=1
xakk
l∏
i=1
ni∏
j=1
v
bij
ij 0 ≤ ak < τ(k), 0 ≤ bij < αij

 .
Proof. Let Ri = Fq[vi,1, · · · , vi,ni ] be a polynomial ring with generators vij, 1 ≤ j ≤ ni. Then
Ri =
ni⊕
j=1
αij⊕
bij=1
vbi1i,1 · · · v
bi,ni
i,ni
(Ri)
Gi .
By Theorem 5.2, fI =
∏n
i=1 x
qτ(i)−1
i generates a block basis for PUI . Equivalently,
P =
n⊕
i=1
τ(i)−1⊕
ai=0
xa11 · · · x
an
n P
UI .
Since PUI = R1 ⊗ · · · ⊗ Rl, lemma holds. 
Lemma 6.2. For all 1 ≤ i ≤ l, 1 ≤ j ≤ ni, vij ≡ x
qmi−1
mi−1+j
.
Proof. By 3.2, vi,j = x
qmi−1
mi−1+j
+
∑mi−1
k=1 Qmi−1,kx
qmi−1−k
mi−1+j
. Since Qmi−1,k ∈ Ii−1 ⊆ I, lemma holds. 
Theorem 6.3. Suppose xαi1mi−1+1 · · · x
αi,ni
mi generates a block basis for Pi over P
Gi
i . Then
l∏
i=1
ni∏
j=1
x
(αij+1)q
mi−1−1
mi−1+j
generates a block basis of P over PGI .
6.2. Block basis for PGLI . If GI = GLI , then Gi = GLni(q). By [11, Theorem B] (a generalization
refers to [1, Theorem 3.2]), the monomial
∏ni
j=1 x
qni−qni−j−1
mi−1+j
generates a block basis for Pi over
P
GLni (p)
i . The following proposition is a corollary of Theorem 6.3.
Proposition 6.4. The monomial
∏l
i=1
∏ni
j=1 x
qmi−qmi−j−1
mi−1+j
generates a block basis for PGLI .
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Remark 6.5. (1) Take I = (n), then l = 1, n1 = m1 = n. Proposition provides a block basis for
PGLn(q) which coincide with [11, Theorem B] and [1, Theorem 3.2].
(2) Take I = (1, · · · , 1), then l = n,mi = i and the monomial
∏l
i=1 x
qi−qi−1−1
i generates a block
basis for PB where B is a Borel subgroup of GLn(q) consisting of all upper triangle matrices.
6.3. Weyl groups of Cartan type Lie algebras. By [5], GI is a Weyl group of restricted Cartan
type Lie algebra g of typeW,S orH where I = (n1, n2), GI =
{(
A B
0 C
)
A ∈ GLn1(p), C ∈ G2
}
,
G2 = G(m, 1, n2) and m =
{
1 if g is of type W or S,
2 if g is of type H.
By Theorem 4.6, the monomial
∏n
i=n1+1
x
m(n−i+1)−1
i generates a block basis for P2 over P
G2
2 .
The following is a corollary of Theorem 6.3.
Proposition 6.6. The monomial xp
n1−pn1−1−1
1 · · · x
pn1−2
n1 x
m(n2+1)pn1−1
n1+1
xmn2p
n1−1
n1+2
· · · xmp
n1−1
n gen-
erates a block basis for P over PGI .
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